Abstract: This work deals with the study of the convergence ratio of the exponential matrix method used in the 3D static analysis of functionally graded structures subjected to harmonic loads. The equilibrium equations are written in mixed orthogonal curvilinear coordinates. This feature allows plates, cylinders, spherical and cylindrical shells to be studied with the same and unique formulation. After a reduction to first order differential equations, the obtained system is solved through the thickness by means of the exponential matrix method. The coefficients of these equations are not constant because the mechanical properties of the considered functionally graded materials change through the thickness. Moreover, the curvature terms introduce a further dependence of the coefficients from the thickness coordinate. The use of several mathematical layers allows for evaluating both the material properties and the curvature terms at certain points through the thickness direction. The M number of mathematical layers to be introduced is here studied in combination with the N expansion order of the exponential matrix. These values are influenced by several parameters. Therefore, different geometries, thickness ratios, lamination sequences, functionally graded material laws and half-wave numbers are considered.
Introduction
Functionally Graded Materials (FGMs) have changing properties across the volume [1] . This change in the properties is induced and described by a certain spatial function. FGMs may be obtained changing the porosity, the microstructure or the composition of the bulk material [2] . A first distinction may be done between the continuous-graded structures and the stepwise-graded structures. In the present paper, continuous-graded structures, using changing composition, are considered. A metallic and a ceramic phase are present and their related volume fractions continuously vary through the thickness direction. In the same way as the volume fraction, the mechanical and thermal properties also vary. FGMs with metallic and ceramic phases are commonly employed in aerospace field as structural components in high-temperature environments [3] . The main advantage given by continuous-graded materials is related to the possibility to achieve specific properties that common materials cannot guarantee. They do not introduce the common layers and related interfaces as in multilayered structures. This feature leads to the absence of stress discontinuities that are often at the base of delamination phenomena in classical multilayered structures. In view of the complexity of this problem, the static and dynamic analyses of structures embedding FGMs were conducted by several authors, which proposed two-(2D) and three-dimensional (3D) models for basic elements such as plates and shells. Both 3D and 2D models always need to be validated in order to confirm their capability in displacement, stress, strain and vibration evaluations. 3D exact solutions are the only tools capable of accurately evaluating the punctual behavior of these elements embedding FGM layers. These solution types are possible only for certain load/boundary conditions and for specific assumptions for the displacement components. A closed form of the equilibrium equations can be solved taking into account how the material properties change in the volume.
Square and rectangular plates are the most common geometries in the literature. Several authors proposed exact solutions for the static and dynamic analysis of these elements when functionally graded layers are included. The bending of functionally graded rectangular plates was studied by Kashtalyan [4] using the solution found by Plevako in [5] for the equilibrium equations of inhomogeneous isotropic materials. An exponential law for the volume fraction of both the phases was considered. Several results for displacements were presented. The power series method was used by Vel and Batra [6] to solve the equilibrium equations for simply supported functionally graded rectangular plates. Xu and Zhou [7] studied the 3D static exact solution of functionally graded plates discussing the effects of different thickness ratios on displacements and stresses. Yas and Tahouneh [8] studied the problem of free vibrations of FGM annular plates on elastic foundations considering different kinds of material property laws across the thickness. The equations of motion were solved using a semi-analytical approach based on series solution and on the differential quadrature method. Solutions for sandwich structures with one or more FGM layers were also proposed in the literature. The effects of different functionally graded material laws on the structural response of simply supported rectangular plates were studied by Zhong and Shang in [9] , the electroelastic coupling was also analyzed. Hosseini-Hashemi et al. [10] investigated the free vibrations of a simply supported homogeneous rectangular plate coated by a functionally graded skin with an exponential law through the thickness for the elastic modulus and the mass density. Rectangular sandwich plates, with homogeneous skins and FGM core or with FGM skins and homogeneous core, were studied by Li et al. in [11] . The fundamental frequencies were found using the Ritz method. The solutions found for structures with curvatures are less numerous. Curved panels embedding functionally graded materials were studied by Zahedinejad et al. [12] . The free vibrations for panels, with arbitrary boundary conditions on two opposite edges and simply supported boundary conditions on the other sides, were presented. Cylindrical shells were studied by Alibeigloo et al. in [13] , an analytical method was developed to study the free vibrations of simply supported cylinders. Vel [14] used the power series method to solve the 3D linear equilibrium equations written for functionally graded shells with simply supported edges. Dong [15] evaluated the effects of different boundary conditions on the dynamic response of functionally graded annular plates using the Chebyshev-Ritz method, a convergence analysis was also performed. Kashtalyan and Menshykova [16] studied the advantages that a functionally graded core may give in a sandwich panel in terms of the reduction of stress discontinuities at the interfaces. The closed-form solutions found in literature always consider the problem for particular boundary load conditions. Further interesting exact solutions in the literature are discussed in the following last part. Barretta [17] proposed exact solutions for equilateral triangle and elliptic Kirchhoff plates under torsion with no kinematic boundary conditions using the analogy with a beam under torsion. An extension of this solution to flexure was proposed in [18] . The introduction of Functionally Graded Materials in Barretta et al. [19] allowed for establishing a relationship between FGM orthotropic Saint-Venant beams and inhomogeneous isotropic Kirchhoff plates. Further details about the employed method can be found in [20, 21] .
Even though several solutions were already proposed in the literature, a lack of generality exists. The final goal of the present solution is to give a universal tool capable to include several geometries (plates, cylinders, spherical and cylindrical shells) embedding different material configurations (also including FGMs). This solution was already introduced by the first author for the free vibrations of FGM structures in [22] and extended to the static analysis of FGM plates and shells subjected to harmonic loads in [23] . The equilibrium equations are written in mixed orthogonal curvilinear coordinates and solved through the thickness via the exponential matrix method. This method may only be used when the coefficients of the differential equations are constant. When FGM layers are introduced, the mechanical properties vary through the thickness, and this feature makes these coefficients a function of the thickness coordinate z. Moreover, when the shell geometries are considered, a further dependence of these coefficients from z exists. This problem may be overcome via the introduction of mathematical layers, where the mechanical properties and the curvature-related terms may be punctually evaluated in their middle. The M number of mathematical layers and the N order of expansion for the exponential matrix are two parameters to be determined in order to have exact results.
In the convergence analysis of the proposed 3D shell solution, two terms are fundamental, they are the N order of expansion for the exponential matrix and the M number of mathematical layers. These two terms depend on several parameters such as: geometry, lamination scheme, material (classical ones or FGMs), FGM law, thickness ratio, performed analysis (static or free vibration analysis), applied loads and so on. For these reasons, a systematic analysis is necessary to understand the better combination of M and N values. However, this systematic analysis is possible only if it is separately performed for different cases in order to remark several important features. For these reasons, we have proposed four different works: the present new paper and further three past works [24] [25] [26] . In [24] , the convergence study in terms of M and N was performed for the free vibration analysis of composite and sandwich plates and shells. Ref. [25] proposed the convergence study in terms of M and N for the free vibration analysis of FGM plates and shells. Ref. [26] showed the convergence study in terms of M and N for the static analysis of composite and sandwich plates and shells. Finally, the present new paper is about the convergence study in terms of M and N for the static analysis of FGM plates and shells. This detailed partition is fundamental for several reasons: the convergence for the free vibration analysis considers the results in terms of frequencies and vibration modes (typical eigenvalue and eigenvector problems). On the contrary, the convergence study for the static analysis considers the results in terms of displacements, strains and stresses (classical linear elastic static problem). Therefore, two different procedures are analysed and different result types are investigated and discussed. These result types can be affected by various parameters. The N order of expansion used for the exponential matrix method is strictly connected with the thickness ratio of the structure. The M number of mathematical layers is introduced for the calculation of the curvature terms in the shell geometries. However, M is also important in the case of FGM layers because it allows the punctual calculation of the FGM law through the thickness. This last feature shows as the investigation of FGM structures is fundamental to be analyzed in separated works. In fact, M value in FGM shells is used for two reasons, which are the curvature term definition and the FGM law calculation.
3D Exact Static Analysis of FGM Structures
The formulation of the proposed 3D static solution has been developed in mixed orthogonal curvilinear coordinates. All the details concerning the geometry and the reference system may be found in Figure 1 . A generic spherical shell is shown; the reference system (α, β, z) is mixed curvilinear and orthogonal. The origin is located in a corner with z being normal to the middle surface Ω 0 , heading towards the upper surface and α and β are defined on it. z varies from −h/2 to h/2 being h the total thickness of the shell.z is a secondary thickness coordinates. It has its origin at the bottom of the shell, and thus varies from 0 to h. Figure 2 gives a clear definition of both reference coordinates. In the present paper, functionally graded materials (FGMs), which change mechanical properties only through the thickness direction z, have been taken into account. The three-dimensional linear elastic constitutive equations, written for shells embedding isotropic FGMs, must take into consideration the dependence of the elastic coefficients from the thickness coordinate z. For each k physical layer that constitutes the shell, the link between the stress vector
is given by the 6 × 6 matrix C k (z):
the compact form of constitutive relations is:
The output of the present formulation is given in terms of displacements and their derivatives made with respect to the thickness coordinate z. In order to obtain constitutive equations in displacement form, the geometrical relations must be introduced. When shells with constant radii of curvature are considered, the following parametric coefficients can be defined:
R α and R β are the radii of curvature in α and β directions, respectively.z and z are the two thickness coordinates defined above. H z = 1 because no curvature exists along the z-direction. H α and H β are the crucial points as their introduction allows for writing a general formulation valid for spherical shells with two finite radii of curvature. This formulation can be easily extended to single-curvature structures and plates. When the considered geometry is a cylinder or a cylindrical panel, R α or R β is infinite, which implies H α = 1 or H β = 1. In the same way, when both the radii of curvature are infinite (plate geometry), H α = H β = 1. With these parametric coefficients, the geometrical relations for each k layer of the multilayered FGM shell may be written as: These relations are written for a spherical shell with constant radii of curvature [27, 28] . It is easy to see how the relations degenerate into the ones for cylinders, cylindrical shells and plates when one or both the parametric coefficients are equal to 1 (R α or R β equals infinite). The displacement form of the constitutive equations may be obtained introducing in Equation (2) the geometrical relations of Equations (4)- (9):
In Equations (10)- (15), the subscripts ,α , ,β and ,z have been introduced to compact the related partial derivative symbols ∂ ∂α , ∂ ∂β and ∂ ∂z . All the coefficients that multiply the displacements and their derivatives are a function of the thickness coordinate z, even when both the radii of curvature are infinite. H α and H β depend on z when the relative curvature is concerned, the elastic coefficients depend on z because of the presence of FGM layers. These features are overcome assuming the real structure divided into a certain number M of mathematical layers. For each mathematical layer j, the elastic and the parametric coefficients may be calculated in its middle point, with both the radii of curvature evaluated in the middle surface Ω 0 of the whole structure. The number of mathematical layers to be introduced is the main subject of study of the present paper, and this number depends on several parameters. If j is the index that identifies the global mathematical layers, Equations (10)- (15) can be rewritten for a generic layer j using constant coefficients:
The equilibrium equations for a generic mathematical layer j of a shell with constant radii of curvature R α and R β , may be written as:
In [27, 29] , a more general version of Equations (22)- (24), which considers non-constant radii of curvature, was presented. A closed form solution for the shell problem may be obtained when harmonic forms for the displacement components are considered:
α = mπ a andβ = nπ a take into consideration the half-wave numbers m and n and the in-plane shell dimensions a and b in α and β directions, respectively. U j , V j and W j are the displacement amplitudes in α, β and z-directions, respectively.
The equilibrium equations can be rewritten in a displacement form by means of the substitution of Equations (16)- (21) and harmonic forms (25)- (27) into the equilibrium Equations (22)- (24) . Grouping the displacement amplitudes and their derivatives, the three equilibrium equations may be re-written in a compact form as:
More details about the steps that are necessary to reach this result may be found in the past first author's work [23] . Each A j s coefficient, with s varying from 1 to 19, is constant in the j layer; and it contains a combination of mechanical and parametric coefficients, which are evaluated in the middle point of the j layer. The system is composed of a set of second order differential equations. The technique described in [30] can be used to obtain a set of first order differential equations. The variables are redoubled and grouped into a vector U n = [U n V n W n U n V n W n ], which is the vector of the unknowns.
∂U n ∂z = U n contains the first derivatives. The output of this method is:
where D j is a diagonal matrix. The system of first order differential equations may be solved using the exponential matrix method [31] . In order to apply this method, Equation (31) must be rewritten as:
where
Each of the involved matrix is constant as it has been obtained using coefficients evaluated in the middle of each j mathematical layer. The solution of Equation (32) is:
z j is the thickness coordinate of each j mathematical layer, and it varies from 0 at the bottom to h j at the top (see Figure 2 ). For each j layer, the exponential matrix can be expanded assumingz j = h j :
where I is the identity matrix with 6 × 6 dimensions. The convergence of the exponential matrix is really fast with N as shown in [32] . Using Equation (33) , it is possible to calculate the displacement vector at the top of each mathematical layer (z j = h j ) starting from the value assumed at the bottom (z j = 0). At each interface, the interlaminar continuity of displacements (u, v, w) and transverse normal and transverse shear stresses (σ αz , σ βz , σ zz ) can be imposed in order to extend Equation (33) to the whole multilayered structure. As Equation (33) is expressed in terms of displacements and their derivatives, the conditions on the stresses are traduced into conditions on displacements and their derivative by means of Equations (18)- (20) . M − 1 transfer matrices T j−1,j are introduced to express the links between the layer j − 1 and the layer j in matrix form: The terms included in each matrix are constant as they are a function of the elastic constants in the considered layers (evaluated in their middle point), of the parametric coefficients (evaluated exactly at the interface) and of the radii of curvature (evaluated in the middle global surface). A recursively introduction of Equation (35) into Equation (33) allows for obtaining the link between the displacement vector U M (h M ) (considered at the top of the last layer M) and the displacement vector U 1 (0) (considered at the bottom of the layer 1):
The omitted steps that lead to the definition of the matrix H m for the multilayered structure can be found in [33] .
The considered shells and plates can be subjected to loads in α, β, and z-directions, applied on the top and/or on the bottom surface of the multilayered structure:
Using the relations expressed by Equations (36)-(38), a general algebraic system in compact form can be written:
T contains all the loads that can be applied on both the top and the bottom surfaces (subscripts t and b mean top and bottom, respectively. Superscripts T and 1 indicate the last and the first layer, respectively). The advantage of this method stands in the fact that, despite of the complexity of the materials and laminations taken into consideration, the dimension of the matrix E is always 6 × 6. The system in Equation (39) allows to find the values of the vector U evaluated at the bottom of the first layer. Using recursively Equations (33) and (35), it is possible to evaluate continuously the vector U through the thickness direction z.
Results
The results proposed in this section are given in order to identify the optimum for combined values of the M number of mathematical layers and the N order of expansion for the exponential matrix. The introduction of the mathematical layers is necessary to obtain constant coefficients in the equilibrium equations by approximating the FGM properties and the curvature terms for shells. Four different geometries are proposed. The first case considers a square plate, and geometry is shown in Figure 3 . The in-plane dimensions are a = b = 1 m. Two different thickness ratios have been taken into account: a/h = 20 for the thinner plate and a/h = 4 for the thicker plate. Figure 4 shows the second geometry for the cylinder. The radius of curvature is infinite in β-direction (R β = ∞) and it is finite in α direction (R α = 10 m). The α dimension of its middle surface is equal to a = 2πR α , while the dimension in β direction is b = 20 m. The considered thickness ratios are R α /h = 10 and R α /h = 4. Both the plate and the cylinder consider the same material configuration, a single FGM layer with a metallic and a ceramic phase. The Young modulus changes across the thickness with the following law:
E m is the Young modulus for the metallic phase and E c is the Young modulus for the ceramic phase. E m = 70 GPa and E c = 380 GPa are considered. V c is the volume fraction of the ceramic phase, and it is defined as:
V c is zero at the bottom of the structure (z = − h 2 ), which means fully metallic, and it is equal to 1 at the top of the structure (z = h 2 ), which means fully ceramic. κ is a parameter, which changes the volume fraction law across the thickness. It may be equal to 0.5, 1 and 2. In the first benchmark, κ = 0.5 is considered; in the second benchmark, a linear evolution of V c is chosen with κ = 1. Figure 5 shows the evolution of the elastic properties through the thickness and the influence of the parameter κ. The Poisson ratio is constant through the thickness (ν m = ν c = 0.3). This feature makes the Young modulus be the only quantity that changes through the thickness. The third geometry is presented in Figure 6 and it is a cylindrical shell panel. The only finite radius of curvature is the one in α direction, and it is equal to R α = 10 m. The following in-plane dimensions are taken into account: a = π 3 R α and b = 20 m. Figure 7 introduces the fourth and last geometry. A spherical shell panel is considered, having the same radii of curvature in both directions (R α = R β = 10 m). In addition, the in-plane dimensions are the same in the two directions and they are expressed in terms of R α as a = b = π 3 R α . Both the third and the fourth cases consider a sandwich configuration, with bottom and top isotropic skins and an FGM core. The thickness of the bottom skin is h 1 = 0.15h, and it is full metallic with Young modulus E m = 70 GPa. The top skin is full ceramic with the Young modulus E c = 200 GPa. The top skin has the same thickness of the bottom skin (h 3 = 0.15h). The FGM core has thickness h 2 = 0.7h; the Young modulus of this layer changes according to the same law presented in Equation (40). It changes from a fully metallic phase on the bottom to a fully ceramic phase on the top. As the mechanical properties only change in the range −0.7
, the thickness of the core (h 2 = 0.7h) must replace the total thickness h in Equation (41). The parameter κ has been chosen equal to 2 in the case of the cylindrical shell and equal to 1 for the spherical panel. Figure 8 shows the material properties through the thickness for these last two shell geometries. The Poisson ratio remains constant through the thickness and it is equal to ν m = ν c = 0.3. In both cases, a moderately thick (R α /h = 10) and a thick shell (R α /h = 4) are considered. In all four of the cases, the load is applied on the top surface and in the z-direction; its amplitude is equal to 1 Pa. The considered half-wave numbers differ from case to case. Cases 1, 3 and 4 take into consideration (m, n) = (1, 1); for the cylinder Case 2, (m, n) = (2, 1) is set. The results shown in tables and figures are given in no-dimensional form. For the plates of Case 1, they are:
All the results for shells of Cases 2-4 are obtained using the following no-dimensional quantities:
{ū,v,w} = 20) . In this case, the curvature-related terms are not present. However, the introduction of a certain number of mathematical layers is necessary to take into account the through-the-thickness law followed by the mechanical properties. The N order of expansion is ineffective in this sense because the exponential matrix of each layer contains the mechanical properties evaluated in the middle point of the layer. This effect is clear as by increasing the order of expansion N, the result converges at a correct value only for a minimum value of M. At least M = 60 mathematical layers are necessary for the thinner plate, while the thicker plate needs at least M = 250 layers to obtain correct results. Both cases must be combined with an N order of expansion equal to 3. Some of the results of Table 1 are also shown in Figure 9 for the thinner plate. The plots are drawn for different and increasing values of the number of mathematical layers (until M = 80, which allows the convergence). Table 1 . Case 1, one-layered Functionally Graded Material (FGM) (κ = 0.5) plate. Displacementw for thickness ratio a/h = 4 and stressσ βz for thickness ratio a/h = 20, both evaluated in the middle of the thickness and given as dimensionless values. One physical layer (N L = 1) divided into M global mathematical layers. 3D reference solution in Brischetto [23] . NaN means Not a Number. Digits given in bold are the correct values.w The displacementv and the stressσ zz are shown in Table 2 for the closed cylinder. The no-dimensional forms introduced in Equation (43) for these quantities have been considered. The results converge to the exact values faster than those for the plate case even if curvature terms are included in the cylinder. This feature is due to some advantages of this geometry and the relative lamination. First of all, an easier law for the mechanical characteristics (with κ = 1, the elastic properties develop linearly through the thickness). Moreover, the geometry also plays an important role as the symmetry makes the problem easier to be solved and the closed geometry increases the rigidity of the structure. In the thinner case (R α /h = 10), only M = 10 mathematical layers are necessary to stabilize the stress value (when it is coupled with a third-order of expansion for the exponential matrix). On the other side, the same order of expansion N = 3 needs at least M = 160 mathematical layers to obtain the convergence of the displacementv because a thicker shell is analyzed. Figure 10 confirms the trend shown in Table 2 for the displacementv of the thicker cylinder; the results move close to the exact value as the number M mathematical layers is increased. This result is achieved with only a third expansion order for the exponential matrix (N = 3). The results obtained for the sandwich cylindrical panel are shown in Table 3 ; the stressσ αz for the thinner shell (R α /h = 10) and the displacementū for the thicker geometry (R α /h = 4), are presented. The material property law follows a second-order evolution inside the core, while constant elastic properties through the thickness are considered for both the external skins. This case is interesting as it shows that the impact of different factors follows a behavior, which is a priori unpredictable. In the presented case, the concerned stress reaches the convergence with M = 160 mathematical layers, starting from an order of expansion N for the exponential matrix equal to 3. This result can be easily explained because the geometry and the lamination scheme are harder to be described than those presented in the previous case (cylinder). On the contrary, the displacementū, which is a direct output for the proposed solution, converges using only M = 40 with the same order of expansion (N = 3), even if a thicker plate is considered. The convergence of the stressσ αz with increasing values of M is shown in Figure 11 .
The results for the last considered geometry are presented in Table 4 where a sandwich spherical shell panel is analyzed. The through-the-thickness law for the elastic properties is simpler because the volume fraction in the FGM core follows a linear evolution with respect to z (κ = 1). The stressσ αα is considered for the thicker structure. The second-order expansion combined with M = 40 guarantees the convergence. N = 3 expansion order allows the number of mathematical layers to be further reduced until M = 20. The thicker case (R α /h = 4) also shows that the number of mathematical layers can be strongly reduced when the order of expansion is increased. Passing from N = 2 to N = 3, the mathematical layers can be reduced from M = 200 to M = 80. The results presented in Table 4 are shown in Figure 12 for the displacementw with a progressive increase of the number of mathematical layers until M = 120. 
Conclusions
The present paper proposes the 3D equilibrium equations in mixed orthogonal curvilinear coordinates to perform the 3D exact static solution of plates and shells with Functionally Graded Material (FGM) layers. The problem is solved for different kinds of geometry: plates, cylinders, spherical and cylindrical shells can be analyzed via a unique formulation. The second order differential equations are reduced to the first order differential equations redoubling the number of variables. The system of first order equations is solved through the thickness using the exponential matrix method. This method allows for obtaining as a direct result the displacement amplitudes and the relative derivatives with respect to z. The coefficients of the differential equations are not constant as they depend on the thickness coordinate. This dependence is related to the material (as the mechanical properties of FGM layers change across the thickness) and to the geometry (as the curvature is considered by means of parametric coefficients). The structures are divided into M mathematical layers to approximate these values in the middle of each layer. The third order of expansion for the exponential matrix combined with the opportune value of M always give stable results. Several parameters play a significant role in the definition of these values, but these effects cannot be a priori determined. The complexity of the FGM law is one of the most important parameters. The influence of geometry and thickness ratio is also fundamental. Using an expansion N = 3 combined with M = 300 mathematical layers, the convergence to the exact results for each possible case is always guaranteed.
